In this paper, approximate motion synthesis of spherical linkages is presented. Rigid body guidance of a spherical four-bar mechanism is performed by a spherical RR open chain. In the first step, position of a point on rigid body and orientation of a rigid body on a unit sphere are described. Synthesizing function of spherical dyad is derived by means of using unit vectors that describe location of two revolute joints and tip point. Being based on the theory of function approximation and besides the linearization of nonlinear synthesis equations by using superposition method, the design procedure for real solutions of fourth order polynomial equation is developed. In the second step, approximate motion generation synthesis of spherical dyad is presented by using least-square approximation. Chebyshev spacing and equal spacing are used in the determination of poses. In the final step, two numerical examples are given to show how error graph is varied in terms of selected poses. The spherical motion generation synthesis of spherical four-bar mechanism is obtained by the combination of the two real solutions of the synthesis of two spherical dyads.
Introduction
Generally, planar and spherical mechanisms consist of dyads including two moving links connected by two revolute pairs. The kinematic synthesis problem of mechanism can be easily solved by using the kinematic equations of dyads.
Function generation, path generation and motion generation are three main problems in kinematic synthesis of mechanisms. In order to solve synthesis problems, several mathematical methods, such as algebraic method, complex numbers method, vector method, quaternion and biquaternion methods, matrix and screw methods, and CAD based methods were developed.
Levitskii's equation [1] has been introduced for the function generation synthesis of four-bar linkage in the polynomial form and design parameters were synthesized by using the interpolation, least-square and Chebyshev approximation methods. The function generation synthesis of spherical four-bar mechanisms by using analytical methods of polynomial approximation for given four precision positions was studied by Zimmerman [2] . Several studies on the synthesis of function generating spherical linkages have been given in [3] . Alizade and Kilit [4] gave a new methodology for function generation synthesis of spherical four-bar linkage satisfying a specific constraint. This methodology, which has been called by the authors "MDA (minimum deviation area)", is a way for selection of the precision points on given function such that the deviation area between given and generated functions will be minimum. Alizade and Gezgin [5] proposed a new function generation synthesis method of spherical four-bar mechanism with six independent parameters. Interpolation, Chebyshev and least square approximation were used and differences in error graph were compared. , starting from the first pose to the last pose. The problem consists of finding the fixed joint center A (θ A ,ψ A ) and spherical link lengths (α 1 ,α 2 ). A discrete set of poses is determined by using Chebyshev and equal spacing. We perform two numerical examples for two spacing methods in the study. These examples show that if the number of poses is increased, maximum and minimum errors will be equal and error will be continuous in the range of poses. In the final part of the study, the spherical four-bar mechanism is designed for seven discrete poses which is not spaced by two spacing methods. The spherical mechanism is constructed with 3 mm sheet metal links, M7 bolts and nuts. This practical study verifies our synthesis methods.
Spherical displacement of a rigid body
Spherical displacement of a rigid body can be described by three successive angles. These angles are well known as Euler Angles represented by "Leonhard Euler". In this study, ZYX rotation sequence is applied to spherical displacement. In order to illustrate spherical displacement of a rigid body, a reference coordinate system (fixed frame), Oxyz, is established in the center of a unit sphere (see Fig. 1 ). Spherical displacement of the rigid body on the spherical surface is usually described as position of any point on the rigid body and the orientation about the normal axis of the rigid body. Spherical displacement can be introduced as,
where [ρ] defines position of any point on rigid body and [β] defines orientation of the rigid body.
As shown in Fig. 1 , position of a point on rigid body can be described as two successive rotations firstly around z axis by an angle θ and then around new axis y 1 by an angle ψ
where cx and sx are a shorthand notation for cos(x) and sin(x) respectively. Orientation of the rigid body is represented as a rotation around x 2 axis by an angle β (Fig. 1) . Orientation of rigid body on sphere is described in matrix form as follows,
Finally, using Eqs. (1)- (3), the overall spherical displacement matrix of a rigid body on the spherical surface will be:
As shown in Eq. (4), a spherical displacement is defined by three independent parameters (θ, ψ and β). Calculated matrices in this section will help us to derive some equations in the next section.
Derivation of objective function for RR spherical dyad
This section explains how objective function is derived for RR spherical dyad. One RR spherical dyad is depicted in Fig. 2 . As shown in Fig. 2 , x A and x B represent location of the first (fixed) and the second (moving) revolute joints where as x C describe location of the end effector or the tip point on unit sphere. The position of the fixed revolute joint on the open RR chain is defined by θ A and ψ A . Therefore, the direction of x A can be determined by using the first column of Eq. (2), x A ¼ cθ A cψ A sθ A cψ A −sψ A ½ T . Similarly, the direction of x C is represented by using Eq. (2), x C ¼ cθcψ sθcψ −sψ ½ T . The direction of x B is completely unknown and it varies while the first revolute joint is
The axis y C is perpendicular to both axes x B and x C . The direction of y C is known from the second column of spherical displacement matrix represented in Eq. (4)
The dyad dimensions {α i } 1 2 are two constant link parameters. The first one is measured between fixed (x A ) and moving (x B ) revolute joints. The second one is measured between moving (x B ) revolute joint and end effector (x C ). These yield two equations as follows;
As mentioned before, the axis y C is perpendicular to both axes x B and x C . Therefore, we can write:
The Eqs. (5), (6) and (7) must be opened to develop objective function. Therefore, five scalar equations are by means of dot product and vector product rule. The equations are calculated as follows;
The elements (u, v and w) of axis x B can be calculated by selecting any three scalar equations from Eqs. (8), (9), (10), (11) and (12) (Eqs. (10), (11) and (12) must not be selected). The Eqs. (9), (10) and (11) 
Unknowns in matrix Eq. (13) are solved and they are found as follows;
The objective function will be obtained by substituting the calculated elements (u, v and w) into Eq. (8) . Note that if these elements are substituted into remaining Eq. (12), it is observed that the right side of the equation is equal to the left side of the equation. After substituting (u, v and w) into Eq. (8), the objective function will be as follows,
Solution of nonlinear objective function for some given poses is possible by means of various mathematical optimization methods. However, our aim is to develop systematic method for solution of objective function. Our approach is to convert nonlinear terms to linear terms. The spherical RR dyad consist of four constant design parameters {α 1 ,α 2 ,θ A ,ψ A } and three given motion parameters of the gripper {θ,ψ,β}. The Eq. (17) can be introduced as a difference between polynomial function P(C,x) and the given continuous function F(x):
where P(C,x) function can be represented by a polynomial function P C; x ð Þ¼∑ 6 k¼1 p k f k x ð Þ. Therefore, Eq. (17) will be as follows;
where i is number of poses, {p k } are constant coefficients, {f ki } are linearly independent continuous functions of motion variables:
, contain four unknown parameters. It means that only four coefficients are independent while the other two coefficients are the combinations of the others. Looking carefully at {p k } the relations, we can see that p 5 and p 6 dependent to the others. This leads us to two additional equations as,
The motion of the gripper, attached to the second moving link of the spherical RR dyad shown in 
Solution of nonlinear motion polynomial by linear combination
In this section, exact solution of motion generation RR dyad is discussed for four poses. As shown in the previous section, there are six unknowns but only four linear equations and two additional nonlinear equations. If λ 1 = p 5 and λ 2 = p 6 are defined as non-linear parameters, and if they are taken as known parameters then the approximation function P C; x ð Þ¼ ∑ 6 k¼1 p k f ki will be synthesizing polynomial, consisting of the following four linear terms:
where i = 1,…,4. The terms of the left side of the Eq. (21) are linear and constant parameters p k are linearly proportional with non-linear parameters λ 1 Z and λ 2 as follows:
Substituting Eqs. (22) into (21) and separating the real and non-linear coefficient parts, we obtain the following system of linear equations with respect to parameters l k , m k , and n k :
The linear coefficients {l k , m k , n k } 1 4 are computed from the system of linear Eq. (23) for the given magnitudes of precision positions and orientations {θ i , ψ i , β i } 1 4 :
The known coefficients f ki , f 5i , f 6i and F i are calculated by using Eq. (19). Solution of linear system of equations is possible, if and only if the determinant of linear system Eq. (24) is non-singular: 
Firstly, by multiplying Eq. (26) with n 4 and Eq. (27) with − n 2 , then by summing and arranging, we derive the first equation. Secondly, by dividing Eqs. (26) to (27) and arranging, we obtain second equation. Thus, the two Eqs. (26) and (27) are transformed to the following form:
where
The non-linear parameter λ 2 can be calculated from Eq. (28) as,
Substituting λ 2 and λ 2 2 into Eq. (29) gives a fourth order equation of λ 1 :
Mathematica software package is used to obtain solution of the fourth order algebraic Eq. (31) 
Exact solution for motion generation synthesis is just completed. Generally, four poses is very limited to design spherical mechanisms. The more poses is needed to design such mechanisms. Therefore, solution of synthesis problem can be achieved by using optimization methods such least-square approximation. This section is the base for least-square approximation in the next section. , the unknown parameters are computed by taking the minimum of the squares of the errors between generated p k f ki function and given F i function.
where m index is the number of given data which is greater than the number of unknowns. The linear coefficients l k , m k and n k that were described by Eq. (24) can also be calculated similarly to Eq. (33) from the following equations:
Since the number of equations exceeds the number of unknowns in Eq. (34), i.e. m > 4, synthesis problem leads to an over determined system. But the optimum solution can be found in the least-square sense if the partial derivation from {S j } 1 3 equals to zero respect to unknown coefficients:
Applying the conditions in Eq. (35) to the system of linear Eq. (34) yields:
where 
Using the results of Eq. 
Chebyshev spacing
Chebyshev spacing is a well-known method to define precision points. This method was usually used for function generation synthesis. However, in this study, same approach is used to determine poses for motion generation of a spherical dyad. For m poses in the range θ 0 ≤ θ ≤ θ m +1 , ψ 0 ≤ ψ ≤ ψ m +1 and β 0 ≤ β ≤ β m +1 , the poses θ i , ψ i and β i , according to Chebyshev spacing are given by;
;
For an example, assume that we want to design a dyad to generate a motion for the ranges 300°≤ θ ≤ 350°, − 10°≤ ψ ≤−7°a nd 0°≤ β ≤ 10°using nine poses (m = 9). Then, the nine poses are calculated by using Eq. (39) and they are listed in Table 1 . Table 2 Nine poses for spherical dyad (equal spacing). 
Equal spacing
Equal spacing is to divide the range of poses into equal intervals. For m poses in the range θ 0 ≤ θ ≤ θ m +1 , ψ 0 ≤ ψ ≤ ψ m +1 and β 0 ≤ β ≤ β m +1 , the poses θ i , ψ i and β i , according to equal spacing are given as follows;
For an example, assume that we want to design a dyad to generate a motion for the ranges 300°≤ θ ≤ 350°, − 10°≤ ψ ≤−7°a nd 0°≤ β ≤ 10°using nine poses (m = 9). Then, the nine poses are calculated by using Eq. (40) and they are listed in Table 2 .
Numerical example for equal spacing
In this example, a motion generation synthesis of a spherical four-bar linkage is attempted by least square approximation and equal spacing. The spherical four-bar linkage can be constructed by combining two real results of synthesized spherical dyads. The design of spherical dyad is performed by determining nine poses of the rigid body on the sphere. Nine poses, which was calculated by using equal spacing formulations, were given in Table 2 . These poses are going to be used in this example. The magnitudes of linearly independent and continuous functions of the motion are calculated from Eq. (19) and listed in Table 3 .
Using values of precision poses from Table 2 and linearly independent continuous functions from Table 3 , the matrices in Eqs. Table 3 Linearly independent continuous functions for equal spacing. Table 4 .
Although we have four result, the first one is not usable due to the fact that it does not satisfy Eq. (20). Remember that λ 1 must be equal to multiplication of p 2 and p 3 . Similarly, λ 2 must be equal to multiplication of p 3 and p 4 . Only the first result does not obey these conditions. Therefore, the first result is removed from our solution set. Three different design parameters are calculated by substituting usable results into Eq. (32). They are tabulated in Table 5 .
At first look, we have three design parameters that are usable to construct a spherical dyad. But, all of them are really usable or some of them are not physically realizable. In the first one, design parameter α 2 has minus sign. This shows that this is not usable design parameters at #1. Therefore, two different parameters (#2 and #3) can be used to construct a spherical dyad (see Fig. 3 ). If these two dyads are combined, the four-bar spherical mechanism is constructed to generate desired motion.
Numerical example for Chebyshev spacing
Similar to previous example, a motion generation synthesis of a spherical four-bar linkage is attempted by least square approximation but this time Chebyshev spacing is used. Firstly, nine precision poses of the rigid body on the sphere should be determined to design the spherical dyad. These poses, which were previously calculated by using Chebyshev spacing formulations, were given in Table 1 . The magnitudes of linearly independent and continuous functions of the motion are calculated from Eq. (19) and listed in Table 6 . Table 5 Design parameters of spherical dyad (equal spacing). Fig. 3 . Errors graph for equal spacing.
Table 6
Linearly independent continuous functions for Chebyshev spacing. Using values of precision poses from Table 1 and linearly independent continuous functions from Table 6 , the matrices in Eqs. (36) and (37) Table 7 .
The first result must be removed, because it does not satisfy Eq. (20). This equation reminds that λ 1 must be equal to multiplication of p 2 and p 3 . λ 2 must be also equal to multiplication of p 3 and p 4 . The first result does not obey these conditions when others do. Therefore, our solution set is reduced by one result. Three design parameters are calculated by substituting usable results into Eq. (32). They are tabulated in Table 8 . Table 8 Design parameters of spherical dyad (Chebyshev spacing). Firstly, we use nine poses. Errors graph is depicted in Fig. 4 . Then, the synthesis is repeated for one hundred poses. If two graphs are compared, maximum and minimum errors will be equal when the poses are increased (Fig. 5) . For Chebyshev spacing, the more poses are used, the best design parameters are obtained.
Practical example
In this section of the study, design and construction of a spherical four-bar mechanism will be explained. This is different from previous examples due to the fact that discrete poses are used for this example. Seven discrete poses are shown in Table 9 . These poses are neither equally spaced nor spaced by using Chebyshev formulation.
The linearly independent continuous functions, matrices and other coefficients are calculated by means of a Mathematica notebook. These coefficients and parameters are not important for the construction of the mechanism. Therefore, it is not necessary to give all numerical values. In the final of Mathematica notebook, we calculate the design parameters which are real and physically realizable. The calculated design parameters are given in Table 10 .
Four different parts are manufactured in order to construct designed spherical mechanism. The parts are produced from 3 mm sheet steel. They are formed by a laser cutting machine. The produced links are depicted in Table 11 . Number of holes in each link is more than required two holes. The reason is to reshape these links in circular form.
The links can be bonded from the holes and they can be easily reshaped depending on the selected materials (3 mm sheet metal can be bonded by using pliers and other tools). The four links are shaped in circular form. The fourth link is shown in Fig. 6(a) after reshaping. The most important rule is to make the axes of all holes intersect at center point O. We control the shape of links by using circular shaped CD-ROM or DVD disk (Fig. 6) .
After reshaping all links, spherical four-bar mechanism is constructed by assembling necessary links with bolts and nuts. The spherical four-bar mechanism is assembled according to design parameters which we found from our calculations. The some poses of constructed mechanism are shown in Fig. 7 . It is seen that the mechanism moves nearly through desired poses. Table 10 Design parameters of spherical dyad. 
Conclusion
This research proposed approximation motion synthesis of a spherical dyad. The objective function is derived in terms of poses and four design parameters. In this function, nonlinear terms are converted to linear terms by using linear combination. The poses which are required for synthesis are determined by two spacing methods such as Chebyshev and equal spacing. All calculations are realized by a prepared Mathematica notebook. Chebyshev spacing shows that the better results will be obtained if the more precision poses are used. Finally, a real spherical four-bar mechanism is constructed to verify our synthesis methods.
In the practical example, two different parameters are obtained when motion of spherical RR dyad is synthesized. Therefore, we have two different RR dyads that generate same spherical motion. Then, their floating links are assembled to form a coupler of closed spherical kinematic chain. Advantages of constructing an 4R spherical linkage by using these RR dyads:
1. Motion generation problem of R-R open kinematic chains requires eliminating only one joint variable (the first joint variable).
However, two joint variables (crank and rocker joint variables) have to be eliminated in the motion generation problem of 4R spherical linkage. Therefore, problem of motion generation 4R spherical linkage is simplified by using motion generation problem of R-R open chain. The mathematical model in R-R open synthesis method is simpler than 4R spherical linkage model. constructed for required motion. This is good to obtain several 4R spherical linkage for the same spherical motion. 3. When 4R mechanism is physically constructed after calculating design parameters, we observed that dividing 4R spherical linkage into two RR open chains make the assembly process easier. The design parameters are easily measured and therefore assembly process is more comfortable.
